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Abstract. Scattering of Gaussian wavepackets by impenetrable solenoids is studied using
both analyticai and numerical methods. A formula for the asympiotic (* — oo) angular
distribution of the scattered packet is derived and used to discuss the physical meaning
of cross sections, the optical theorem, and the classical limit. Angular distributions
obtained from this formula are found to be in good agreement with angular distributions
caleulated from numerical solutions of the Schrddinger equation.

1. Introduction

One of the differences between classical and quantum mechanics is the fact that in one
case the motion of charged particles depends on the electromagnetic fields whereas in
the other case it is the electromagnetic potentials that occur in the evolution equation.
This difference entails striking effects, especially in multiply connected regions where
the magnetic field vanishes, whereas the magnetic flux in the excluded region is
different from zero. In this case the classical motion of a charged particle would be
that of a free particle, except for reflections at the walls which separate the multiply
connected region from the magnetic flux. In 1959 Aharonov and Bohm (aAB) proposed
an interference experiment [1] where an electron beam is split into two parts which
pass an infinite solenoid on opposite sides and are united behind the solenoid; the
intensity at this point was predicted to be a periodic function of the magnetic flux
enclosed by the solenoid. To pursue their arguments AB also discussed the scattering
of an electron by an impenetrable solenoid of infinite length. AB assumed the radius
of the solenoid to be vanishingly small (‘magnetic flux line’) but it was later shown
that the effect exists also for finite radius. In [1] and most of the following papers
on this problem AB scattering was discussed in terms of time-independent scattering
theory (TIST) as it is familiar from ordinary potential scattering.

In this paper the two-dimensional AB scattering problem is discussed in terms of
time-dependent scattering theory (TDST). On a formal level this theory relates the
evolution of scattered particles to that of free particles; it proves the existence of the
Mpller wave operators and the S-matrix, from which the scattering amplitude and
the cross section can be obtained [2]. Our approach is more elementary: we study the
scattering of wavepackets by impenetrable solenoids using analytical approximations
and compare for a number of examples the resulting asymptotic angular distribution
with that obtained from numerical integration of the time-dependent Schrodinger
equation. Though calculations in TDST are more extensive than in TIST the results of

0305-4470/93/07L749+15507.50 © 1993 IOP Publishing Ltd 1749



1750 M Jursa and P Kasperkovitz

TDST have the advantage of allowing direct interpretation according to the general
rules of quantum mechanics (only square-integrable wavefunctions are considered)
and of being free of apparent paradoxes (diverging cross sections). In our analytical
calculations the generalized eigenfunctions calculated in TIiST appear only as auxiliary
mathematical objects without any physical interpretation. The usual conclusions drawn
from these functions, based on the splitting into a free and a scattered wave, cover
only one aspect of the problem, namely the scattering off the coil in directions that
deviate from the velocity of the incoming particles. This splitting has to be avoided
if one is interested in the interference pattern behind the solenoid, the phenomenon
usually associated with the AB effect. Whereas different techniques are needed in TIST
to describe these two aspects of the problem [3] we derive a closed formula for the
asymptotic angular distribution that is valid for all directions. It is the derivation of
this formula and its use in a discussion of cross sections, the optical theorem, and the
classical limit, as wel! as the comparison with wavefunctions obtained from numerical
calculations, in which this work differs from previous discussions of AB wavcpacket
scattering [3, 4].

In section 2 we derive a formula for the function G’ (¢ |+ ) whose physical
meaning is the following: K, is the average momentum of the incoming Gaussian
wavepacket and v a parameter that measures its spatial extension. The other two
parameters characterize the scatterer; « is the fiux parameter and p is the radius of
the solenoid. The quantity |G%/. (¢ |+ )|>de gives the probability for finding the
particle in the sector (¢, + di) if a long time has elapsed since the scattering
(strictly speaking this distribution is approached in the limit ¢ — + co).

In section 3 we use this formula to discuss the physical meaning of cross sections,
the optical theorem, and the classical limit. For AB scattering the differential cross
section derived from TIST is known to diverge in forward direction [1] and it has
been emphasized in [2] that this should lead to experimentally observable differences
between AB and ordinary potential scattering. Our analysis shows that instead of
the divergence obtained for a plane wave & peak of finite height is obtained for
the wavepacket, Also, outside the forward direction the difference between AB and
pure potential scattering is less marked than assumed in [2]. From the expansion of
the generalized eigenfunctions in partial waves the optical theorem is usually derived
as a formal identity; in AB scattering both sides of this equation are of infinite
magnitude [10]. We show that this form of the optical theorem can be interpreted
as a balance equation only in case of pure potential scattering. The correct balance
equation, formulated in section 3, shows the diffcrence between AB and pure potential
scattering more clearly: if the radius of the coil tends to zero the fraction of particles
scattered off the forward direction remains finite in the AR case whereas it vanishes
in case of pure potential scattering. We finally show that for increasing momentum of
the incoming wavepacket (parameter K,;) the quantum aspects of the scattering, ie.
the Fraunhofer and AB interfercnce pattern, become more and more concentrated in
a narrow sector in forward direction. Outside a sector of fived width one therefore
finds in the classica limit (; — oo) nothing but the smocth intensity as it is obtained
from the classicai reflection at the surface of the cylinder.

In section 4 examples of angular distributions are given for various flux parameters
and diameters of the impenetrable solencid as functions of the variable /7 &
[-1,41]). These distributions are compared to the corresponding functions obtained
from numerical integration of the time-dependent Schrédinger equation. Good
agreement between analytical and numerical results is found which justifies the
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approximations used in section 2 and section 3.
In section 5 we finally summarize our results and the conclusions drawn from the
examples (figures 1 to 5).
2. Asymptotic angular distributions
We consider wavepackets of the form
o, p . 1 2 T, . 3 kz
'4');{(,,.,,(-'5,1) = 2—7(_ d°k "/JKO,-,,("’) on,p(k$m) &Xp 41 _2—t (1)
RZ

where polar coordinates are used for the two-dimensionsnal vectors (z « (R, ¢),
k — (K, ¢)). In (1) the function

Xa, o5 %) = D D) Umoa, o K R) €™ @
nv
with yet undetermined coefficients ¢2 (¢) and radial functions
UK RY = Hypyo (K R)” — exp {—2iPIm+a](I{p)} Hipia(KR) 3)
is a geperalized eigenfunction of the Hamiltonian
2 le
H=1l(p-4) A=-%n, @
(m =1, e/fc =1, &= 1) subject to the boundary condition u,,,+;,,{Kp) =0.

Cim ot (Kp) = arg H,, oy (Kp) )
This boundary condition follows from the assumption that the particle is reflected
at the surface of the cylinder C, = {z| R < p}. This cylinder contains a solenoid
enclosing a magnetic flux of magnitede 2o as can be seen from (4). The scatterer is
therefore characterized by the two parameters o and p; for o = p = 0 (1) represents
a free wavepacket. Note that the Hankel functions in (3) and (5) are those with
asymptotic form

2 2 . T T
o~ (2) enfi(z-v5-)} ©®
If the weight function in (1) is chosen as
- 1
PVrepry (k) = (279) 47 exp {—W (k — Kunm)z}

- | . . o i
= (2my)~ /2 exp{—Z;(Ix2+Ixﬁ)}%IM(RKD/?:y)eM** (7
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the integral (1) can be calculated analytically for « = p = 0 ([6, p 223]). If

0= Y o @®
KIJ

one can use an asymptotic approximation for the modified Bessel functions I, [7],

2
Iz ~ () P o {z - 321 )

to obtain a factorization of the weight function which is more convenient for the
scattering problem (a # 0 and/or g # 0).

B (k) = (2myE?) exp{—%(rfw '0)2} Gu8)  (0)
2 1/4
6#) =(g5) Tewl-}aM +iMe)
M

~ (762) ™V exp [~L(8/6)Y) for |¢| <= (11

Inserting (10) and (2) in (1) one then arrives at a double series containing the
coefficients

1Y M
Sim=5e [ d8eM e (9). (12)

Because of (8) and the exponential exp {—x?M?/2} contributions of terms with
|M| > M, = [1/&] are negligible. (Here and in the following

Zozl=z~2& 0z <1 13
ie. [z] is the integer part of ). Let us assume that
cigm =0 for M -m# n(a) (14)

leaving the specification of the integer function n(e«) for later considerations. If this
condition is satisfied the double series can be approximated by a finite sum; this fact
makes it possible to calculate the wavefunction ¥y (z;t) at at all positions « that
are sufficiently far away from the scatterer.

If the wavefunction is considered only in regions where KR > |[M; — n(a)},
we can use the asymptotic form (6) of the Hankel functions in (1). Although
this substitution is not justified in the terms with |m| > |M, ~ n(«)|, this does
not influence the result essentially since these terms can be neglected in any case,
Extending the integration over X to the whole real line, which is justified because of
the sharp peak of (10) at K == K, we arrive at the asymptotic wavefunction

vl (Rygit) ~ Y Fio 1 (R, 1] 0) G2 (0] o) (15)

o=t
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where the two radial functions are given by
Fy, (R, E)
1

= (823~RY"V* oo 1 2
= (8r°yR?) dK exp 47(K—Kﬂ)

—i-Izﬁt:I:i(KR— %)}
(2%) " [R(1 - Zivyt)]™"/?

o {UBE2IRE K m) @

I

dy(1—2iyt) 4y '

The real part of the exponentials in (16) is —v(1 + 4423~ R F Kyt)%
accordingly in the distant past (¢ — — o) the wavefunction w}"{‘of,r(z;t) is given by
Fipn (B, t| =) GR2 (|- ), whereas it approaches Fy (R,t|+) Gyl (w|+)
for ¢ — + co. Both these wavefunctions are asymptotic forms of free wavepackets,
the one incoming and contracting in the radial direction (& = -), the other outgoing
and spreading (¢ = +).

The radial distribution of the incoming wavepacket is given by

Gl (o] =) = (an?/m) /" emintade
X Zexp{—-%nzMz +i(]M —n(a)talinr+ M)} CaL M —n(a)"
M
(17)

To describe a particle that approaches the scatterer from the negative z-axis the
function (17) should be centred at v = . This is achieved by choosing

Cat,M-n(a) = 3 SP{-K{|M — n(a) + al 37 + Mn)} (18)
which entails
GRE(p|-)=e ™Y G (p—m). (19

In the distant past all wavepackets with G° (|- given by (19) are localized in
a narrow sector around ¢ = 7 whose width is determined by «. Convention (18)
therefore guarantees the desired behaviour of the incoming wavepacket no matter
how the integer n(c) is chosen. The physical meaning of this quantity can be seen
from the expectation value of the kinematical angular momentum £X* = —i8/8p+a
for the incoming wave packet

(£ o o — n(e) for t— —cx (20}
Whereas the initial motion is parallel to the x-axis in all cases the distance of the

center of the packet from the wx-axis varies with n(e); this infuences the details of
the scattering process (¢ ~ 0) and shows up in the asymptotic angular distribution of
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the scattered wavepacket (f — + c0). T minimize the distance (£X")/K,, ie. to
make the collision as central as possible, we set

nla) = [¢] . 21)
From this convention follow the relations
X1, p(Ri2) = €79 % (k5 2) @2
Vi (@:1) = €% U0 (1) (23)
whence it is sufficient to study the wavefunctions for 0 aa € L
Because of
™ 2
/U dR |Fg, (R, t| 1)} =1 (24)
and {7)
+r o 2
[ e | teln)] =n, 25)
2
A =5 _KIM? A
1 ﬁ<N,c \/_E%exp{nM}<l+27re (26)

the probability of finding the particle in a sector { |’ < ¢ < "} approaches
time-independent limits for ¢ — oo, This is the equivalent of the Scattering-into-
Cones-Theorem of potential scattering in three dimensions [8, 9]. At asymptotic
times (Jt] 33> 1/2+) this probability is therefore well approximated by

. o2 ¢ o, 0 2 o

While the asymptotic angular distribution of the incoming wave packet is given by
the square modutus of (19) that of the scattered wavepacket is given by the square
modulus of the function

Gt (ol 4) = = (w2 /4n®)!/* elele
x 3 exp{—3 &7 M7~ i(|M + &l + 2T oy 4 ( Kop) = M(p - 7))}
M

(28)

Equations (27), (19), (11) and (28), constitute the main result of this paper. They
show how a Gaussian wavepacket, initially moving with uniform velocity along the
negative r-axis and approaching an inpenetrable solenoid at the origin, is changed
by the scattering process. It should be noted that the final angular distribution
(28) holds for all values of « and all directions. This makes the difference to
previous treatmentments of the problem [1, 3] where part of the analytical results
were obtained for special values of « only and, both in TIST and TDST, different
techniques were used to obtain the intensity of the scattered wave in forward and
non-forward directions. Since (28) covers the whole range of directions it is cspecially
suited to discuss problems related to the interpretation of cross sections and the optcal
theorem.

v |G, et - @



Time-dependent Aharonov-Bohm scattering 1755
3. Cross sections, optical theorem, and classical limit

Before showing examples of angular distributions let us indicate how our results are
related to TIST. The time-independent object of TDST is the scattering operator §
which transforms, at an arbitrary instant ¢, a free wavepacket 1»_(x;?) that coincides
with an interacting packet »%(x;t) at ¢ = —oo, into a free packet ¢ (=;1)
coinciding with the interacting packet at ¢ = 4-o0o. For the asymptotically free
wavepackets considered here this implies for ¢t — + oo

8 Fr,o (R 1] 4) e G () ~ Fie, (R, E+) GRE (0] +) - (29)

For it is easily verified that a wavepacket, which in the distant past is of the form
Fyon (R, t]=) &7™®% G (o—) (cf (19)), is transformed under the free evolution
(o = p=0) into F, (R, t[+)e ™) G (o) as ¢ tends to + co. The scattering
amplitude, the central object of TIST, is related to the operator 5—1 [2, 9]. Restricting
the discussion to large positive times we have

(5-1) eI G, () = G2, (o) (30)
G2(0) = Gl (0] +) — 710 G, () G1)
; +r -
=elele [ agG (o o) () 32
with

. 1 & .
goc,KuP((P) = 5 § : gM,rKop elM(,p

o3 = —exp { (1M + &| = M) ™~ 2T}574.5(Kyp) } — 1.

Function (33), multiplied with a factor (1 — i)+/# /I, is nothing but the scattering
amplitude as it is derived in TIST from the asymptotic form of the generalized
eigenfunctions [5, 3, 11] (here x(Kyn,;z) for R — 00, 0 < ¢ < 2x).

Since G (¢) ~ 0 for 1.2x < || € = the probability of finding the particle in a
certain direction outside the forward sector || < 1.2x becomes proportional to the
square modulus of (30). As (32) shows this function is obtained from the scattering
amplitude by smoothing with the bell-shaped function (11). As the width of this
function decreases with increasing diameter of the incoming wavepacket (K, fixed,
v — 0) the differential cross section of TIST corresponds to the asymptotic angular
distribution of extended wavepackets. If +, and hence &, is s0 small that g% %o7( ')
varies within the interval ¢ — 1.26 < ' < ¢+ 1.2x only by a small amount then

Gt () m (4mrP)H* ghFon( i) G4

and

2
(35)

@}v{,p (w)lzz Ly 12 ga,mp oM
0,77 M
ﬁ M
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Up to a factor /7 /x K, the RHS of (35) coincides with the differential cross section
derived in TIST for a solenoid of radius p [2, 5. In the limit p — O this function
approaches the cross section of AB, since (33) becomes proportional to the series
representation of the AB scattering amplitude in this limit [2, 5, 3]; for 0 < ¢ < 27
this series can be summed [11, 2] which results in the closed expression of AR [1].

The proportionality factor that relates the probability density |G (@] + )
to the differential cross section results from the different normalization of the two
quantities; this will be discussed in more detail in the following. Here we want to
emphasize that this proportionality holds only for « < 1 and and only outside the
forward sector. Since the function (33) diverges as (sin w&) /e for £ = || — +0 [1,
11}, (35) is not valid near » = 0. From the divergence of the scattering amplitude
at this point it was concluded that for 0 < & < 1 both the differential cross section
in the forward direction and the total cross section diverge [2, 12], as if this were
a strange physical phenomena. However, these propositions merely show that care
has to be taken in interpreting results derived in TiST. On the other hand, the
observable consequences of the singularity of (33) are easily understood within TDST.
No problems occur in the forward direction for two reasons. (i) It is not the scattering
amplitude itself that enters in the asymptotic angular distribution but its smoothed
form (32} which is bounded everywhere. The smoothing is a consequence of the
spreading of initial momenta (see (1),(10),(11)) which is unavoidable for normalizable
states. (ii) The angular distribution in the forward sector is not only determined by the
smoothed scattering amplitude (32) but also by the distribution of the free wavepacket
and the interference of these two functions (see (27),(31)). All that can be concluded
from the divergence of (33) at = 0 is that high intensities are to be expected near
the boundaries of the forward sector (¢ = %1.2x), especially for & = 1/2.

The initial data should also be taken into account in the interpretation of the
total cross section and the optical theorem. Conservation of norm gives

+x )
No= [ dpletele G, (o) - C5L, (0P = N,

+7 ) _ +7 -
+ 2Re / dp G, () G2 (R) + | de |G (DI (36)

-~ -

or
K —kIMT &, K kMY &,
7= (DRe) T M ghr = S h e M gy . (37)
M M

The RHS of (37} is obviously positive and vanishes only for o = p = 0; for a scattering
process both sides are ﬂlerefo_ri{positive. Each side is also bounded from above by
4+2x?% [re as follows from |gy; °°| < 2 and (26). Equation (37) holds for all x > 0,
the number of terms that have to be considered being of the order M, = [1/x]. How
many of these terms contribute essentially to the sums depends on the flux parameter
& because Tz, ) (Kyp) — —7/2 and hence

lg5%0? — 2 (sin &) for IM|— oo (38)

For pure potential scattering (& = 0) the series essentially reduce to finite sums and
both sides of (37) vanish as x in the limit « — 0. If both sides ate divided by x before



Time-dependent Aharonov-Bohm scattering 1757

the limit is taken one arrives at the familiar optical theorem which relates the value
of the scattering amplitude in forward direction to the average of its square modulus,
ie. to the total cross section op. For 0 < & < 1 the situation is quite different: the
sums diverge as «~! and both sides of (37) tend to 4(sin &= )? in the limit « — 0.
In this case division by x prior to the limit £ — 0 results in an optical theorem that
is formally identical to the usual one [10]; but this equation relates two quantities
which, being of infinite magnitude, do not admit any direct physical interpretation.

In TIST the optical theorem is interpreted as a balance equation: the side
proportional to the scattering amplitude at position ¢ = 0 is interpreted as the
Yloss’ of particles in forward direction while the other side, the total cross section
o, i considered as ’gain’ of particles in the other directions. To interpret (37),
or a limiting form thereof, in this way calls for additional arguments since the
quantities on both sides are related to the function G"'” () which, contrary to
the functions G/, (£ ), does not have a pI‘ObablllStIC meamng Of course (37) is
mathematically equ:va]ent to the conservation law (36); but to obtain a true balance
equation one has to subtract from both sides the quantity

+ex
R,(c) = /_ do |G ()P (39)

K

where the constant c¢ is chosen such that |G, (cx)| is smaller than a given error
bound (eg ¢ = 1.2). Because of (31) the RHS of the new equation then represents
the probability of finding the particle finally outside the forward sector |¢] < ck;
accordingly the LHS gives the probability that the particle is removed from the forward
direction by the scattering process. This probability depends on the characteristics of
both the incoming wavepacket (K,~) and the scatterer («, ), and on the definition
of the forward sector (c). To which limit this probability tends in the ‘plane wave
limit" « — 0 (K fixed, v — 0) depends crucially on the flux parameter c.

For pure potential scattering (& = 0) the scattering amplitude (33) is a continuous
function. If x is sufficiently small smoothing with G, therefore gives (34). The
correction term (39) is then of order x? and adds only a small correction to the
RHS of (37) which is O(x). The probability that the particle is scattered by the
impenetrable cylinder then becomes x Ko //m. That this probability vanishes in
the limit x — 0, whereas o, remains finite, is a result of different normalizations:
in TIST the total cross section o is normalized by the flux of the ‘incoming’ plane
wave; in TDST the wave function is normalized to one whence the probability that the
incoming particle ‘hits’ the obstacle (|M| < K,p) is equal to 2K px /+/7 for £ < L.
Because of the short range of the interaction it is therefore legitimate to interpret the
optical theorem of TIST as balance equation provided that both sides of this equation
are multiplied with < K,/+/7.

To see what happens in case of non-integer « it is convenient to split the
asymptotic wavefunction into a pure AB wave function and a remainder

Gty (ol +) = G50 (o] 4) + G2 (). @0

Like the function G"”” ,(g) in potential scattering the remainder term in (40) is

essentiaily a finite sum that becomes a continuous function proportional to /2 if
& < 1. The pure AB term is given by (28) with I'\5;, 5 (Kyp) = —= /2. For small
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# the sum may be approximated by an integral which can be evaluated analytically
({13, p 451]). The result is

Gl (o] +) e 1 (n4?)

X exp {-—-%(cp/n)z} ((cos &) + (sin ) (~i) erf — f(wfm)) @1

—-1/4

Note that f(z) = —ierf(ic/V2) = f(z)* = —f(—=) so that G’ (0) = 0 for
& = 1/2. As « tends to zero, the loss and gain terms for pure AB scattering then
approach finite values whose magnitude depends only on the definition of the forward
sector:

1 [ a0 167, (1)1 = (005 &) X(&) + (s am Y (9 “

—LK

X(c)=%/ dze® = erfce

Y(c) = 2 fwd e (erf i )2
[ -\/‘J? A T \/EZ‘
To obtain (43) from (41) we made use of the relations X (0) = Y{(0) = 1 (see [6,
p 123]) which are consistent with the normalization of G}’ (¢ |+ ). Equation (43)
shows that for 0 < & < 1 there is always a finite probabzhty of the particle being
scattered, no matter how the forward sector is defined in detail or how far extended
the incoming wavepacket is in the beginning, This holds also for a solenoid of finite
diameter since the remainder term in (41) gives only corrections of order /2 in the
balance equation. This qualitative difference to short-range potential scattering may
be attributed to the long range of the electromagnetic interaction which shows up in
the slow decay of the vector potential (4).

The limit £ — 0 may also be considered as classical limit K, — oo, v fixed,
provided that this limit is also taken into account in the remainder term G?{‘:’T(go)
If the extension of the free wave packet at ¢ = 0 is much larger than the diameter of
the solenoid, ie if 1/4/2v 3> p, then the remainder term may be approximated by

“43)

G?{":‘?(‘P) & SGKO —y(ﬂo) + RGKu.'v( } CTY)
where
¥ 1/4 s
RO (2—2};5) {S([Kop + 1), ) emiem+Torles2 (45)
iGm=[Kop+lw/2 sin( N/2)
+ S([Kypl ) e PHIO/2} S(N, @) = S

is the ‘shadow’ contribution and

o () @5)"

X exp {—ZiI(u,osin-tg- - ii} ~ia(e - w)} (46)



Time-dependent Aharonov-Bohm scattering 1759

sen b o@=000 i o =000

Ly

.22

e=017 @ =017
'5 05

az0 =034 o5 o=0.34 ;
2 ‘, ......... 4. v T{A&Tﬁ~
i H
a=050 a=050 i
p20 i o5 & ';‘:
J- R = j' ......... 0. P —#{4k‘—— .....
- -5 P .5 i - -5 2 .5 1

Figure 1. Asymptotic angular distribution of scat-  Figure 2. Asymptotic angular distribution of scat-
tered wavepackets obtained by analytical approx- tered wavepackets obtained by analytical approxi-
imations (density of probability (27) as function mations. Start parameters v = 1.54, Ko = 30; full
of the dimensionless variable o/, observation at  curves p = 0.01 (thin coil), 0 € o £ 0.5; broken
time ¢ — oc). Start parameters v = 1.54, Ky = curve p =0, a = 0 (free motion).

30; full curves p = 0.20 (thick coil}, 0 £ a < 0.5

broken curve p = 0, o = 0 (free motion).

is the ‘Teflection’ contribution (0 < ¢ < 2m). Approximation (44) is obtained by
truncating the series at M = X[Kp]; the shadow part (45) is then summable while
the reflection part can be approximated by an integral which is calculated by the
method of stationary phase (cf [14] for & = 0). For large K both the pure AB
contribution (41) and the shadow contribution (45) decay rapidly outside narrow
sectors Of order K o Which contain the forward direction ¢ = 0. In the classical
limit the probablhty of finding the particle outside a forward sector of given width 2e
is therefore given by the reflection contribution (46), ie

2r—2
[ teleut, e+ = VaTTos+0)  for Ko—oo. @]

In (47) o5 = 2p is the geometrical cross section and the leading term is nothing
but the probability that the incoming particle hits the coil. The dependence on the
magnetic flux is only seen in the forward sector |¢| <« e, where the form of the
angular distribution depends crucially on &. But if the limit ¢ — 0 is performed after
the limit K; — co the simple geometrical picture of classical scattering (specular
reflection at the surface of the cylinder) is obtained independently of the enclosed
magnetic flux.
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4. Examples

Using the well-known properties of the Hankel functions the asymptotic angular
distribution |G°f?£7(‘P | 4 )|? was calculated explicitly for v = 1.54, K = 10, 30 and
p = 0.01, 0.20. The corresponding values of x are 0.18 and 0.06; although the
first one does not satisfy the well condition s « 1, which was used in the derivation
of (29), this example was included for comparison with the corresponding numerical
solution of the time-dependent Schrodinger equation.

The angular distributions obtained from the wavefunction (29) are shown in
figures 1 to 3. To check these results we also calculated the angular distribution
for wavefunctions obtained from numerical integration of the Schridinger equation.
The numerical scheme, as well as results obtained for solenoids of finite length,
will be presented elsewhere; here we list only the differences between the numerical
calculation and the analytical treatment of section 2. (i) In the numerical calculation
the initial wavefunction was chosen to be a Gaussian wavepacket, centred at
x = —Ryn, and having a central wave vector ky = Kyn, + K;(a)n,. The value

of K,(a) = —a/R, was determined from the condition {£¥%) = 0 (cf section 2).
Such a wavepacket can be expressed in the form (1} if a Gaussian centred at ky
is used for the weight function and a plane wave for the generalized eigenfunction.
The wavefunctions used in the two treatments are therefore not identical, but very
similar to each other since K and ~ have the same meaning and (LY®) is very
small in both cases (central collisions). (ii) The evolution of the initial wavepacket
was followed until the radial peak of the outgoing scattered wave packet reached the
circle R = 3R,,. The radial distribution calculated for this wavefunction according
to (27) is shown as full curve in figures 4 and 5; dashed curves show the radijal
distribution of the scattered wavepacket at earlier instants (R = R;). These curves
were included to show how these distributions change in time since the asymptotic
region was not reached in the numerical calculations. In the numerical calculations
the observation times were of order 3R,/ K, which means ¢ =~ 0.9 for K, == 10 and
t = 0.3 for K; = 30; at these times the asymptotic form of the wave functions is not
yet reached because (15) can be expected to hold only for times much larger than
1/2 =~ 0.2.

=000 || a=050
o p=020 i
, 020 a = 0.00 a = 0.50 i
p=001 t =001
z r 0 ™ =TT T T —r
-! -5 g ] PRy -5 8 .5 !

Figure 3. Asymptotic angular distribution of scattered wavepackets obtained by analytical
approximations. Start parameters « = 1,54, Ky = 10; full curves p = 0.01 and 0.2,
o = 0.0 and 0.5; broken curve p = 0, o = 0 (free motion),
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Fignre 4. Angular distribution of scattered wavepackets obtained by numerical
calculations, observation at time ¢ (denmsity of probability (27) as function of the
dimensionless variable ¢/, t finite). Start parameters v = 154, Kp = 30; coil
radii p = 0.01 and 0.20; flux parameters o = 0.0 and 0.5. Full curve ¢t = 0.3; broken
curve t =0.1.

o= 0.00 o =10.50

a = 0.50

Figure 5. Angular distribution of scattered wave packets obtained by numerical
calculations, observation at time ¢ Start parameters v = 1.54, Ky = 10; coil radii
p = 0.01 and 0.20; flux parameters o = 0.0 and 0.5. Full curve ¢t = 0.9; broken curve
t=03.

The differences in the initial data and the instant of the final observation
considered agreement between the analytical and the numerical angular distributions
is satisfactory. In any case the following conclusions can be drawn from both
calculations: (i) Outside the forward sector |y| < 1.2k , ie outside those directions
where the particle would be found if there were no scattering, the angular distribution
does not change very much if the magnetic flux is varied. Only for very thin
coils (p = 0.01) and flux parameters near & = 0.5 the probability of finding the
particle near (but still outside) the forward sector becomes markedly larger. This
increase of the intensity near the forward direction is related to the divergence of
the AB scattering amplitude at > == 0; however, the observable consequences of this
divergence are much less pronounced than conjectured by Ruisenaars [2]. (i) Within
the forward sector the intensity varies continuously with the flux parameter. As & is
increased from 0 to 0.5 the maxima and minima of pure potential scattering (& = 0)
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are continuously shifted and deformed. In this variation one of the two minima
adjacent to the central peak of potential scattering becomes the central minimum
for & = 0.5; its neighbouring maxima originate from the central and the first side
maximum of potential scattering, respectively. In the height and location of maxima
and minima the AB interference effect is clearly visible within the forward sector.
Studying the properties of the generalized eigenfunction x(Kyn;;2) in forward
direction (x = Rn,+yn,, R — oc) Olariu and Popescu [3] predictcd a Fraunhofer-
like strip pattern in this region. In a superposition of many eigenfunctions, nceded for
the formation of a wavepacket, these fluctuations obviously cancel each other, except
for the peaks nearest to ¢ = 0 which are essentially the same for all wavelengths.

The transition from K; = 10 to K; = 30 with v, p, and « fixed, may be
considered as a first step towards the plane wave or the classical limit. The curves
are seen to change in a way that is to be expected from the discussion of these limits
in section 3.

5. Conclusion

In this paper the scattering of charged particles by an impenetrable solenoid of
infinite length and finite diameter is reconsidered. Whereas most of the previous
treatments [1, 5, 11, 12] used time-indcpendent scattering theory (TIST) to discuss
this problem we use time-dependent scattering theory (TDST). Using various analytical
approximations we obtain, for wavepackets that look like free Gaussian wavepackets
in the distant past {f — —c0), the form of the wavefunctions long after the scattering
(t — 4o0). From this the asymptotic angular distribution, ic. the time-indcpendent
probability of finding the particle within a given sector ¢’ < ¢ < ¢, is derived.
The probability density of this distribution is obtained in form of a series (see (27)
and (28)) which is valid for all angles . It therefore includes both scattering off the
coil and the Aharonov-Bohm-Fraunhofer interference pattern behind the coil. This
is in contrast to previous studies of AB wavepacket scattering [3, 4] where different
techniques were used to cbtain the angular distribution in these two regions.

In section 3 equations (27) and (28) are used to discuss the physical meaning
of the total cross section and the optical theorem. It is shown that the divergences
found for non-integer flux in TIST {2, 10, 12] must not be taken as observable effects.
These apparent paradoxes are resolved and a consistent description of the qualitative
difference between AB and pure potential scattering is obtained if TDST is used instead
of TIST. Also the classical limit is easily understood within this framework: if &, the
average momentum of the incoming packet, is increased, while all other parameters
of the problem are kept fixed, the sector behind the coil where the Aharonov-Bohm-
Fraunhofer interference pattern is seen becomes more and more narrow. In the limit
K — oo all quantum aspects of the scattering, including the magnetic AB effect, arc
concentrated in the forward direction while for all other directions the intensity of
the scattered packet may be attributed to specular reflections at the surface of the
solenoid.

In section 4 we finally compute explicitly for various sets of parameters the
asymptotic angular distribution obtained in section 2 by analytical approximations
and compare these distributions with the corresponding ones obtained by numerical
integration of the time-dependent Schridinger equation. From these functions,
displayed in figures 1-5, the following can be concluded: if the solenoid is looked



Time-dependent Aharonov—-Bohm scattering 1763

at from a certain direction the probability of finding the particle after the scattering
varies continuously with the enclosed flux. The effect of this variation is most clearly
seen in the forward direction where the minima are shifted and the maxima deformed
{see especially figures 1 and 2). Outside the forward direction the action of trapped
fluxes is less pronounced and can be cbserved for very thin solencids only.
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